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
( ) NNNNW Y Y φφφ −          

:HDVVXPH WKDW WKHSUHVVXUH LVVXIILFLHQW WRVXSSRUW WKHZHLJKWRI WKHRYHUO\LQJSDUWLDOO\PROWHQPDWHULDO7KH
HTXDWLRQJRYHUQLQJWKHGLIIHUHQFHLQWKHYHORFLW\RIWKHPHOWDQGPDWUL[LVDPRGLILFDWLRQRI'DUF\
VODZ

( )
M
MINN SȘ
. Y ¸¸¹
·
¨¨©
§ φ           

ZKHUHȘIDQGSDUHWKHIOXLGYLVFRVLW\DQGIOXLGSUHVVXUHUHVSHFWLYHO\7KHSHUPHDELOLW\LQWKLVSUREOHPLVOLQNHGWR
SRURVLW\ XVLQJ WKH %ODFN.R]HQ\.DUPHQ HTXDWLRQ ZLWK WKH VSHFLILF FKRLFH RI SDUDPHWHUV DV SURSRVHG E\
0F.HQ]LH>@

( )
( )

 φ
φ
−
D ĳ.           

ZKHUHDLVFRQVWDQWREWDLQHGIURPH[SHULPHQWV7KHVWUHVVHTXLOLEULXPHTXDWLRQIRUYLVFRXVURFNLVZULWWHQDV

( ) 
  SįYȘȘYYȘ L
M
LMNN%LMML −¸¸¹
·
¨¨©
§
¹¸
·
©¨
§ −        

+HUHȘ%LVWKHEXONYLVFRVLW\7KHYLVFRVLW\ȘLVUHODWHGWRSRURVLW\DQGPHOWYHORFLW\E\




−
−−
¸¸¹
·
¨¨©
§ QĮ
Ȗ
ȖHȘ Ș 
φφ          
ZKHUH Ȗ QDQGĮDUHPDWHULDOFRQVWDQWV Ȗ LVWKHVHFRQGLQYDULDQWRIWKHLQFRPSUHVVLEOHFRPSRQHQWRIWKHVWUDLQ
UDWHWHQVRU

( )


 LMML YYȖ +=           

7KHHTXDWLRQV±UHSUHVHQWDV\VWHPRIQRQOLQHDUFRXSOHGSDUWLDOGLIIHUHQWLDOHTXDWLRQVIRUWKHYDULDEOHVY
DQGS$VWUDWHJ\KRZWRVROYHWKHVHHTXDWLRQVLVGHVFULEHGLQWKHQH[WVHFWLRQ
(VFULSWDQG6ROXWLRQ$OJRULWKP
(VFULSWLVDQRQOLQHDUWLPHGHSHQGHQWSDUWLDOGLIIHUHQWLDOHTXDWLRQV3'(VPRGHOLQJHQYLURQPHQW,WLVZULWWHQ
EDVHGRQ WKHSURJUDPPLQJ ODQJXDJH3\WKRQ2QHDGYDQWDJHRI ³HVFULSW´ LV WKDW LW LVGHVLJQHGHVSHFLDOO\ WR VROYH
SDUWLDO GLIIHUHQWLDO HTXDWLRQV DQG DW WKH VDPH WLPH WR SURYLGH DQ HDV\WRXVH HQYLURQPHQW WR GHYHORS DQG VROYH
FRXSOHG PRGHOV OLNH WKH H[DPSOHV LQ WKLV SDSHU 7KLV DELOLW\ FDQ EH XVHG HIILFLHQWO\ LQ YHU\ ODUJH SURMHFWV DV LW
SURYLGHVDFOHDUHU VWUXFWXUH IRU WKHFRGH VHSDUDWLQJPRGHOLQJ LVVXHV IURP ORZOHYHO QXPHULFDODQGFRPSXWDWLRQDO
SHUIRUPDQFH LVVXHV)RUD V\VWHPRI3'(VZKLFKKDVD VROXWLRQZLWK VHYHUDOFRPSRQHQWV WKH3'(JHWV WKH IRUP
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
( ) ( ) MLMLMLMNMLMNMNLMNMONLMNO ;< X'X&X%X$ −−−      

ZKHUH$%&'<DQG;DUHDOOGDWDREMHFWVIURPGLIIHUHQWUDQNVLQWKHGRPDLQ7KHQDWXUDOERXQGDU\FRQGLWLRQ
LVLQWURGXFHGZLWKWKLVIRUP

( ) LMLMNLMNONLMNOM \ ;X%X$Q −−         

ZKHUH QM LV WKH RXWHU QRUPDO ILHOG RI WKH GRPDLQ ERXQGDU\ DQG \L LV D JLYHQ IXQFWLRQ 7R JLYH D YDOXH UL WR
XQNQRZQYHFWRUYDOXHGIXQFWLRQXLRQFHUWDLQORFDWLRQVRIWKHGRPDLQWKHEHORZHTXDWLRQFDQEHXVHG

LL U X ZKHUH !TL           
ZKHUH T LV D UDQN FKDUDFWHULVWLFV IXQFWLRQ RI WKH ORFDWLRQ ZKHUH UL DSSOLHG 1RZ LQVSHFWLQJ WKH JRYHUQLQJ
HTXDWLRQV(TQWR(TQDQG(TQWR(TQZHFDQHDVLO\LGHQWLI\WKHYDOXHVIRUWKH3'(FRHIILFLHQWV
QHHGHGWRFDOFXODWHYDULDEOHVLQHDFKSUREOHPRQO\E\FRPSDULQJWKHJRYHUQLQJHGXFDWLRQVZLWK(TQ7KHWZR
SUREOHPVLQWKLVUHVHDUFKDUHERWKFRXSOHGDQGQRQOLQHDU
,QWKHILQJHULQJLQVWDELOLW\SUREOHPWKHIOXLGIORZHTXDWLRQLVFRXSOHGZLWKWKHFKHPLFDOUHDFWLRQWHUP+HUHWKH
UHDFWLYH WUDQVSRUW HTXDWLRQ LV VROYHG XVLQJ WKH LQLWLDO YDOXHV LQ WKH ILUVW WLPH VWHS 7KH FRQFHQWUDWLRQ ZKLFK LV
REWDLQHGIURPWKLVVROXWLRQLVWKHQXVHGWRXSGDWHWKHYDOXHRISRURVLW\SHUPHDELOLW\DQGDOVRIOXLGSUHVVXUHIRUWKH
QH[W WLPH VWHS ,QRUGHU WRGHDOZLWK QXPHULFDO GLIILFXOWLHV UHODWHG WR WKH DGYHFWLRQ WHUP LQ WKH UHDFWLYH WUDQVSRUW
HTXDWLRQLWLVVSOLWDQGVROYHGLQWZRKDOIWLPHVWHSV
7KH SULQFLSDO QRQOLQHDULWLHV LQ WKH PDQWOH WUDQVSRUW JRYHUQLQJ HTXDWLRQV DULVH IURP WKH FRQVWLWXWLYH UHODWLRQV
EHWZHHQ.ȘDQGȖ+HUHWKHSHUPHDELOLW\LVPRGHOHGDVDVLPSOHSRZHUODZZLWKQLQWKHUDQJHEHWZHHQDQG
7KHVROLGVKHDUYLVFRVLW\ȘLVVWUDLQUDWHGHSHQGHQWDQGKDVEHHQVKRZQH[SHULPHQWDOO\WREHSRURVLW\ZHDNHQLQJ
>@7KHLQLWLDOYDOXHIRUSUHVVXUHLVLQWURGXFHGWR'DUF\
VHTXDWLRQDQGDVWKHRXWFRPHDQHZVHWRIYDOXHVIRU
WKHYHORFLW\ILHOGLVREWDLQHG7KHQHZYDOXHIRUPHOWYHORFLW\XSGDWHVWKHSRURVLW\ILHOGDQGDOVRWKHYLVFRVLW\ILHOG
RQWKHGRPDLQLQWKHQH[WWLPHVWHS$VDQH[DPSOHWKHOLQHVEHORZVKRZKRZHTXDWLRQVWRDUHVROYHGLQ
RUGHUWRREWDLQDQHZYDOXHIRUYHORFLW\

9HORFLW\
IURPHV\VHVFULSWLPSRUW
IURPHV\VHVFULSWOLQHDU3'(VLPSRUW/LQHDU3'(
[ P\GRPDLQJHW;
P\SGH /LQHDU3'(P\GRPDLQ
J XWLOJUDGY
'LM JWUDQVSRVHJ
JDPPDBGRW XWLOVTUWXWLOOHQJWK'LM
YLVBEXON YLVBLQLWLDOSR
N SRDSR
IRULLQUDQJHP\GRPDLQJHW'LP
IRUMLQUDQJHP\GRPDLQJHW'LP
F>LLMM@ YLVBEXONYLV
F>MLML@ YLV
F>MLLM@ YLV
VLJPD SUHVVXUHBODVWNURQHFNHUP\GRPDLQ
P\SGHVHW9DOXH$ F; VLJPDT PVNU SBYHORFLW\
Y P\SGHJHW6ROXWLRQ
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
ZKHUHSRLVSRURVLW\PVNLVWKHERXQGDU\FRQGLWLRQDQGSBYHORFLW\UHSUHVHQWVWKHSUHVFULEHGYHORFLW\

1XPHULFDO([DPSOHV
,QILOWUDWLRQLQVWDELOLW\ILQJHULQJ
:HDVVXPHWKHGRPDLQFRQWDLQVWZRLQWHUDFWLQJSKDVHVXQWRXFKHGVROLGURFNDQGIOXLGPHOW0HOWLVSURGXFHG
GXHWRGLVVROXWLRQRIURFNDQGWKHUHLVDOVRPXWXDOGHSHQGHQF\EHWZHHQSRURVLW\DQGFRQFHQWUDWLRQ7KXVRQFHWKH
UHDFWLRQ]RQHGHYHORSVWKHSRURVLW\LVLQFUHDVHG7KHUHDFWLRQIURQWLVXQVWDEOHDQGDVDUHVXOWILQJHUOLNHVWUXFWXUHV
RUFKDQQHOVZLWKKLJKHUPHOWFRQWHQWIRUP:HH[SHFWWRVHHWKHHQODUJHPHQWRIWKHUHDFWLRQLQILOWUDWLRQLQVWDELOLW\DV
WLPH SURJUHVVHV 7R QXPHULFDOO\ VLPXODWH WKH SUREOHPZH GHILQH D UHFWDQJXODU ' GRPDLQ )LJ ZLWK XQLIRUP
LQLWLDO ]HUR FRQFHQWUDWLRQ DOO RYHU WKH GRPDLQ IRU WKH ILUVW WLPH VWHS 7KH LQLWLDO YDOXH IRU SRURVLW\ LV VHW WR EH
 LQLWLDO 7KH GRPDLQ VL]H KDV EHHQ FKRVHQ VLPLODU WR RWKHU VWXGLHV RQ WKH LQVWDELOLW\ SUREOHP >@7KH GRPDLQ
PHVKHVDUHOLQHDUWULDQJXODUHOHPHQWV2QWKHWRSERXQGDU\ZHDVVXPHDSUHVFULEHGYHORFLW\DQGDUHIHUHQFH
IOXLG SUHVVXUH S! 7KH IOXLG SUHVVXUH YDOXH RQ WKH WRS ERXQGDU\ZLOO FDXVH D SUHVVXUH JUDGLHQW LQ WKH GRPDLQ
ZKLFKOHDGVWRPHOWIORZWRZDUGVWKHORZHUGRPDLQOLQH1RZZHGHILQHDVPDOOKDUPRQLFGHYLDWLRQIURP ILQDO
RQWKHWRSERXQGDU\[ DVDSHUWXUEDWLRQ7KHKDUPRQLFGHYLDWLRQLVDVVXPHGWREHDVLQHZDYHZLWKIUHTXHQF\
HTXDO WR)LJXUH VKRZVKRZ WKH LQLWLDO DGYDQFHGSRURVLW\ LQ HDUO\ WLPH VWHSV OHDGV WRSURGXFLQJ ILQJHU VKDSH
LQVWDELOLW\LQODWHUWLPHVWHSVRIWKHVROXWLRQ
)LJXUHVKRZVWKHSRURVLW\ILQJHULQJLQVWDELOLW\LQD'GRPDLQ$XQLIRUP]HURFRQFHQWUDWLRQIRUWKHILUVWWLPH
VWHSZDVGHILQHGDOORYHUWKHGRPDLQ$UDQGRPWKUHHGLPHQVLRQDOIXQFWLRQIRULQLWLDOSRURVLW\ZDVGHILQHGRQWKH
ERWWRPVXUIDFH7KHIOXLGSUHVVXUHZDVFRQVLGHUHGWREHVOLJKWO\KLJKHURQWKHERWWRPVXUIDFH9DULDWLRQRI LQLWLDO
SRURVLW\YDOXHRQWKHERWWRPVXUIDFHOHDGVWRIRUPDWLRQRIILQJHUVKDSHLQVWDELOLWLHV7KHURXJKVXUIDFHLQ)LJXUHLV
GXHWRWKHVHILQJHULQJLQVWDELOLWLHV6XFKDIRUPIRUURFNVFDQEHVHHQLQ1DWXUH
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
)LJ')LQJHULQJLQVWDELOLW\LQDDQHDUO\WLPHVWHSEDODWHWLPHVWHS
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
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
)LJ7KUHHGLPHQVLRQDOSRURVLW\ILQJHULQJPRGHO
6KHDUORFDOL]DWLRQDQGPHOWEDQGV
7R IXUWKHU LQYHVWLJDWH VWUHVVGULYHQ PHOW VHJUHJDWLRQ DQG RUJDQL]DWLRQ ZH HPSOR\ RXU FRGH IRU D VHULHV RI
VLPXODWLRQV LQ D ' YLVFRHODVWLF GRPDLQ VXEMHFW WR VLPSOH VKHDU )RU ERXQGDU\ FRQGLWLRQ ZH DVVXPH WKDW WKH
SUREOHPLVSHULRGLF LQ[GLUHFWLRQ7KHSHUPHDELOLW\RQ WKHERXQGDU\ LV VHW WREH]HUR7KLV UHVXOWV LQPDNLQJ WKH
SUHVVXUHLQ WKHEXIIHUFHOOVLUUHOHYDQWWR WKHUHVWRIWKHFDOFXODWLRQV:HGHILQHDQLQLWLDOZKLWHQRLVHZLWKUDQGRP
LQLWLDOYDULDWLRQVIRUWKHEDFNJURXQGSRURVLW\ZLWKYDULRXVYDOXHVRIQ DQG
,Q)LJXUHWKHGLVWULEXWLRQRIYLVFRVLW\RQWKHGRPDLQLVVKRZQLQWKHILUVWDQGODVWWLPHVWHSZKHQQ DQGWKH
GRPDLQLVDWDVWUDLQRI)LJXUHVKRZVWKDWWKHSRURVLW\ILHOGLVGLVWULEXWHGLQEDQGVRIHQKDQFHGDQGGHSOHWHG
SRURVLW\6LPLODUWRVRPHRWKHUVWXGLHVWKHEDQGVDUHDWDQDSSUR[LPDWHDQJOHRIGHJUHH>@7KHPHOWEDQGVLQ
UHG DUH URXJKO\ SHUSHQGLFXODU WR WKH D[LV RI PD[LPXP H[WHQVLRQ UDWH DQG VKRZ WKH RULHQWDWLRQ RI PHOW EDQGV
H[SHFWHG IRU D 1HZWRQLDQ YLVFRVLW\ ZKLFK WHQG WR SRLQW DZD\ IURP WKH ULGJH D[LV0RUHRYHUPHOW EDQGV SRLQW
WRZDUGVWKHULGJHD[LV5HGXFLQJQ WRZLOO OHDGWRWKHPHOWEDQGVJURZLQJPRUHVORZO\WKDQWKH IDVWHVWJURZLQJ
PRGHRIOLQHDUWKHRU\
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

)LJ'LVWULEXWLRQRIYLVFRVLW\IRUD'GRPDLQVXEMHFWHGWRVLPSOHVKHDUDWKHILUVWWLPHVWHSEWKHODVWWLPHVWHS
D
E
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
)LJ3RURVLW\GLVWULEXWLRQDQGPHOWEDQGVLQD'GRPDLQVXEMHFWHGWRVLPSOHVKHDUDWKHILUVWWLPHVWHSEWKHODVWVWHS
&RQFOXVLRQV
7KHUHVXOWVREWDLQHGLQWKLVVWXG\KDYHLPSOLFDWLRQVIRUPDJPDWUDQVSRUWLQWKHPDQWOHIRUH[DPSOHEHQHDWKPLG
RFHDQULGJHV7KHREVHUYDWLRQV IURPPLGRFHDQULGJHV VKRZWKDW WKHRFHDQLFFUXVW LV IRUPHGZLWKLQNPRI WKH
ULGJHD[LVZKHUHDVPHOWSURGXFWLRQLVEHOLHYHGWRRFFXURYHUDUHJLRQH[WHQGLQJDERXWNPIURPWKHD[LV7KLV
LPSOLHV VRPHPHFKDQLVP RIPHOW IRFXVLQJ DQG GLVWULEXWLRQ WRZDUG WKH D[LV RIPLGRFHDQ ULGJHV 7KH LQILOWUDWLRQ
LQVWDELOLW\ ILQJHULQJ LQVWDELOLW\ DQG PHOWEDQGIRUPLQJ LQVWDELOLW\ ZKLFK ZHUH LQYHVWLJDWHG LQ WKLV UHVHDUFK
FRQWULEXWHWRPHOWIRFXVLQJDORQJZLWKVRPHRWKHUPHFKDQLVPVWKDWKDYHEHHQSURSRVHG
1XPHULFDOPRGHOLQJZDVWKHWRROHPSOR\HGLQWKLVVWXG\WRSURYLGHEHWWHUXQGHUVWDQGLQJRIWKHPHOWVHJUHJDWLRQ
SUREOHP$ FRGHZDVZULWWHQ IRU HDFK VFHQDULR XVLQJ WKH )(0 FRGLQJ HQYLURQPHQW ³HVFULSW´ 7KH DGYDQWDJH RI
³HVFULSW´ LV WKDW LW LV VSHFLILFDOO\ GHVLJQHG WR VROYH SDUWLDO GLIIHUHQWLDO HTXDWLRQV 3'(V DQG DOVR LW LV FDSDEOHRI
VLPXODWLQJSUREOHPVIURPVPDOOWRYHU\ODUJHVFDOHV
7KHILUVWFRGHVXFFHVVIXOO\DSSOLHGDILQLWHHOHPHQWQRQOLQHDUUHDFWLYHGLIIXVLRQDGYHFWLRQPRGHOWRWKHSRURVLW\
ILQJHULQJLQVWDELOLW\SUREOHPLQ'DQG'7KHLQILOWUDWLRQLQVWDELOLW\RUSRURVLW\ILQJHULQJVKRZHGWKHLPSRUWDQFH
RI SRURVLW\ IHHGEDFN RQ VWDELOLW\ RI WKH UHDFWLRQ IURQW 7KH SRVLWLYH IHHGEDFN LV GXH WR SRURVLW\ GHSHQGHQF\ RI
SHUPHDELOLW\7KHVROXWLRQLQFUHDVHVWKHSRURVLW\DQGDOVRWKHSHUPHDELOLW\7KHSRURVLW\IHHGEDFNFDXVHVLQVWDELOLW\
RIWKHLQLWLDOVWUDLJKWUHDFWLRQIURQWV7KLVLQVWDELOLW\DQGHYDOXDWLRQRISRURVLW\OHDGVWRILQJHUVKDSHGLVWULEXWLRQRI
SRURVLW\RQWKHGRPDLQ
7KH VHFRQG FRGHZDV VXFFHVVIXO LQ VROYLQJ WKH JRYHUQLQJ HTXDWLRQV RIPHOW WUDQVSRUW E\0F.HQ]LH  LQ
RUGHUWRLQYHVWLJDWHWKHIRUPDWLRQDQGRULHQWDWLRQRIPHOWEDQGV7KHRXWFRPHVRIWKH)(0VLPXODWLRQVKRZHGWKDW
DVIRUIORZEHQHDWKDPLGRFHDQULGJHWKHPROWHQDJJUHJDWHVGHIRUPHGLQVLPSOHVKHDUGHYHORSORFDOL]HGPHOWEDQGV
RIKLJKSRURVLW\DQGHQKDQFHGVWUDLQ7KHVHEDQGVHPHUJHDWORZDQJOHVWRWKHSODQHRIVKHDUIRUDUDQJHRIVWUDLQ
UDWHVDQGVWUHVVHVDQGSHUVLVWDWORZDQJOHVHYHQDIWHUODUJHVKHDUVWUDLQV
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